The main objective of this review is to show how the concepts of compartmental modeling can be introduced and applied in photophysics. The term "compartment" in a photophysical context is defined as a subsystem composed of a distinct type of species that acts kinetically in a unique way. Compartments can be divided into ground and excited-state compartments depending upon the state of the composing species. In photophysics, a compartmental system is perturbed by a light pulse (photo-excitation) and its dynamics is followed via fluorescence in the time range from picoseconds to several hundred nanoseconds. In this review, we present the fluorescence δ-response functions for compartmental systems consisting of one excited-state compartment, two reversibly interconnected excited-state compartments, and their corresponding groundstate compartments. In deterministic identifiability one investigates whether the parameters of a specific model can be uniquely defined assuming perfect time-resolved fluorescence data. The identifiability is presented for the model with one excited-state compartment and three models of reversible intermolecular two-state excited-state processes in isotropic environments: (1) model without external quencher, (2) model with added quencher, (3) model with coupled species-dependent rotational diffusion described by Brownian reorientation. The parameters that have to be identified are time-invariant rate constants and parameters related to excitation and emission. It is shown under what conditions the relevant parameters can be identified. For all models, the explicit relationships between the true and alternative model parameters are shown.
Introduction
Compartmental modeling is frequently used in biomedicine, pharmacokinetics, analysis of ecosystems, engineering, and chemical reaction kinetics (see, for example, refs 1, 2, 3). Considering this extensive interest, it may seem rather surprising that compartmental modeling of excited-state processes in photophysics has started relatively late. 4 , , , , 5 6 7 8 Indeed, as the relaxation of excited-state processes can in many instances be described by a set of coupled first-order differential equations, excited-state systems are formally equivalent with compartmental systems. It will be shown in this review that modeling of excited-state processes in photophysics can conveniently be done within the framework of compartmental analysis.
Let us start by defining what the term "compartment" stands for in a photophysical context. A compartment is a subsystem composed of a distinct type of species that acts kinetically in a unique way. The concentration of the constituting species can change when the compartments exchange material through intramolecular or intermolecular processes. In the perspective of compartmental modeling of excited-state processes, compartments can be divided into ground-state and excited-state compartments depending upon the state of the composing species. The compartmental system then consists of one or more excited-state compartments and their corresponding ground-state compartments. There may be inputs from ground-state compartments into one or more of the excited-state compartments by photo-excitation. There is always output from the excited-state compartments to the ground-state compartments through emission and/or nonradiative deactivation. If the concentrations of the species in the ground state do not significantly change upon photo-excitation, it suffices to consider the excited-state compartments only. In that case, the ground-state compartments can be lumped together as the outside environment. Compartments are usually depicted as boxes (rectangles, see Schemes), circles or ovals enclosing the composing species. Single-headed arrows pointing away from a compartment represent outflow from that compartment, whereas single-headed arrows pointing toward a compartment depict inflow into that compartment. In contrast to "classical" compartmental analysis, the terms "size" or "volume" are not relevant for compartments in photophysics.
In kinetics, one is concerned with finding the response of a compartmental system to an external perturbation, given the structure of the system (i.e., the links between the compartments) and the rate constants describing the rates of the intercompartmental transitions. Deriving the kinetic expressions is often referred to as the direct problem of compartmental analysis. In photophysics, the response of the excited-state compartments after photo-excitation (called "the external perturbation" in compartmental jargon) is commonly measured as time-resolved fluorescence. Since fluorescence decay traces can be monitored under a diversity of experimental conditions -the excitation wavelength , the emission wavelength , the concentration of coreactant [X] ex i λ em j λ k , the concentration of external quencher [Q] l , the temperature, the added buffer, orientation of excitation and emission polarizers, ... can all be varied independently -compartmental systems in photophysics have more experimental axes to study a given problem than in the "classical" areas of application of compartmental modeling. Moreover, a very large number (several thousands) of data points of high quality can be collected from timeresolved fluorescence measurements. This is usually not possible for the "common" compartmental systems. Additionally, the prior knowledge available in fluorescence studies might also be different from that in "classical" compartmental systems.
An essential first stage of any identifiability analysis deals with finding solutions for the model parameters when ideal (noise-free) data are available. This identifiability with perfect observations is called deterministic identifiability.
In the deterministic identification (or identifiability) problem, one investigates as to whether or not the parameters of a specific model are uniquely defined under error-free observations, given that the model is completely specified including input into, output from, and exchange between the compartments. 1-3 The deterministic identification problem reduces to the question of whether a system of nonlinear algebraic equations has a unique solution. There are three possible outcomes to the identifiability analysis.
(1) The parameters of an assumed model can be estimated uniquely and the model is said to be uniquely (globally) identifiable from the idealized experiment.
(2) Any of a finite number of alternative estimates for some or all of the model parameters fits the data and the model is locally identifiable.
(3) An infinite number of model parameter estimates fits the data and the model is unidentifiable from the experiment.
For the linear, time-invariant models with a limited number of excited-state compartments that are generally encountered in photophysics, the parameters that have to be identified are the time-invariant rate constants and parameters related to excitation and emission.
Deterministic identification is thus concerned only with perfect observations and can point the way to improved experimental design. Imperfect data resulting from noisy observations sampled over a limited time range affect the accuracy and precision with which model parameters can be estimated. This numerical parameter estimation of the model parameters and the statistical properties of the estimates are the subject of the second stage of any identifiability analysis and is called numerical identifiability. This topic, however, is beyond the scope of this review.
Since the first deterministic identification of an intermolecular two-state excited-state process, identifiability studies of a broad range of compartmental models of excited-state processes have been reported (see ref 9 for literature data). In the current review, we consider the compartmental analysis and the deterministic identifiability of a limited number of photophysical models. We start with the simplest model (with one excitedstate compartment). Next, models for reversible intermolecular two-state excited-state processes in the absence 9, 10 and presence 11 of quencher as monitored by the total (or "magic angle"-selected) fluorescence are discussed. Finally, the model of a reversible intermolecular two-state excited-state process coupled with species-dependent rotational diffusion described by Brownian reorientation is considered.
12, 13
The paper is organized as follows. Section 2 starts with some general concepts and definitions of the analysis of compartmental models and their identifiability. Two identification (or identifiability) approaches will be discussed in some detail. In Section 3, the fluorescence kinetics and identifiability analysis of the system with one excitedstate compartment will be considered to illustrate some aspects of compartmental analysis in photophysics. In Section 4, the fluorescence dynamics and the identifiability analyses of three models of a reversible intermolecular two-state excited-state process without transient effects (i.e., with kinetics governed by time-invariant rate constants) are presented. We will discuss what the effect is of the addition of quencher and of analyzing the time-resolved fluorescence anisotropy. When the reversible intermolecular two-state excited-state process is coupled with species-dependent rotational diffusion -described by Brownian reorientation -both spherically and cylindrically symmetric rotors, with no change in the principal axes of rotation in the latter, will be considered. The paper concludes with a discussion of the results of the identifiability studies and their relevance for designing experimental fluorescence decay measurements. Finally, we will refer to some applications of compartmental analysis in photophysics.
For anyone new to the field, this limited review can serve as a low threshold entry point to compartmental modeling in photophysics. To make this introduction to this field as accessible as possible, we have restricted the discussion to simple models. Furthermore, we have avoided unnecessary mathematical derivations that may cloud the essentials. A full mathematical treatment can be found in the literature. [9] [10] [11] [12] [13] Those already familiar with compartmental models and their application (in the areas of biomedicine, pharmacokinetics, ecology, engineering) will, we hope, find that compartmental modeling in photophysics is an exciting rather recent development with many potential applications.
Fluorescence kinetics and identifiability analysis: general concepts
Given a certain photophysical model, the fluorescence δ-response function f(t) (i.e., after an excitation pulse of infinitely short duration described by the Dirac delta function) is a prerequisite for tackling the important problem of identifiability -that is, whether the unknown model parameters can be recovered from the fluorescence δ-response function
f(t).
If a causal, linear, time-invariant compartmental system consisting of N ground-state compartments is excited with a δ-pulse of low intensity at time zero, so that the groundstate species population is not appreciably depleted, the time course of the excited-state species x * (t) can be described by the following differential matrix equation:
with x * a N×1 vector whose elements are the concentrations of the excited-state species:
A is a N×N matrix (called "compartmental matrix" in compartmental parlance and "system matrix" in systems theory) containing the kinetic information ("transfer coefficients") of all processes: (5) with I the N×N identity matrix. Hence, the fluorescence response of such a compartmental system after perturbation with a light pulse of infinitely short duration consists of a sum of (maximally) N exponentials.
where α n is the pre-exponential factor associated with the nth eigenvalue γ n of A. b is a column vector of dimension N whose (constant nonnegative) elements are the initial (i.e., at time zero) concentrations of each excited-state compartment:
The elements b n of b are generally dependent on the excitation wavelength and for the intermolecular models considered in this paper also on the concentration of coreactant X. There are several methods available for the analysis of the deterministic identifiability (i.e., identification with perfect, errorless data) of linear, time-invariant models.
In some cases, Eq. (11) 
This set of nonlinear equations σ n relates the eigenvalues γ n or, equivalently, the relaxation times to the elements of matrix A. 
where T is a constant invertible (or nonsingular) matrix (i.e., det T ≠ 0) having the same dimension as A.
The alternative b + and c + are given by
The major advantage of the similarity transformation approach is that it not only offers a 
Fluorescence kinetics and identifiability analysis of the compartmental system with one excited-state compartment
The two objectives of this section are (1) to introduce as smoothly as possible the general concepts of compartmental analysis into the field of photophysics and (2) to demonstrate that even for the simplest model there are restrictions on the amount of information that can be recovered from perfect time-resolved fluorescence data.
In this section, a linear, time-invariant compartmental system consisting of one groundstate species (symbolized by 1) as shown in Scheme 1 is considered. Photo-excitation produces the excited-state species 1 * which can return to its ground state 1 with rate
This rate constant is required to be positive (k 01 > 0). Scheme 1 is a graphical illustration of a photophysical system comprising one ground-state and one excited-state compartment. The system with one excited-state compartment is the scalar case of the compartmental model.
Insert Scheme 1 + caption
The differential equation describing the time-course of the quantity [ ]
in the excited-state compartment after δ-pulse photo-excitation at is
The fluorescence δ-response function f ij (t) is (19) ( ) ( ) The question one would like to answer first in identifiability analysis, is whether it is possible to obtain an alternative realization { } of f (20) Equation (20) is the specific form of Eq. (11) 
The unique values of k F1 and k NR1 are then calculated according to
This simple model shows that only the rate constant k 01 is uniquely identified. If one wants to know the contributions to k 01 of fluorescence (k F1 ) and nonradiative decay (k NR1 ), prior knowledge is needed.
Fluorescence kinetics and identifiability analysis of models of reversible intermolecular two-state excited-state process

4A. Model without external quencher
Insert Scheme 2 + caption
In this section, we will start with the fluorescence kinetics of an intermolecular system consisting of two distinct interchanging ground-state species (1 and 2) 
The subscripts i, j, and k in Eq. (25) 
Equation (25) can be written in the common bi-exponential format:
The eigenvalues γ 1,2 of the 2×2 matrix A ≡ (a mn ) are 
The matrix multiplication in Eqs. (16) and (17) 
Use of normalized 
Use of normalized ik b and j c allows one to rewrite the above equations with κ ijk as a scaling constant. 
4B. Model with added quencher
Insert Scheme 3 + caption
Consider the molecular system (Scheme 3) with an equilibrium between two different species 1 and 2 in the ground state which form upon photo-excitation the excited-state Second, the identifiability of the six rate constants can be done using σ 1kl and σ 2kl [Eq.
(47)]: 
4C. Model with species-dependent rotational diffusion
Insert Figure 1 + caption
The photophysical system consisting of two different interchanging species 1 and 2, each with distinct rotational characteristics -as depicted in Figure 1 -is considered. All the rate constants are assumed independent of the instantaneous orientation of the species.
The rotational relaxation of each excited-state species is governed by its principal rotational diffusion constants, here D ⊥ and D || for rotation, respectively, of and about the symmetry axis of each of the cylindrically symmetric rotors depicted in Figure 1 
As before, the subscripts i, j, and k in ( ) 2  12  02  21   12  2  ,  1  21 
The T  22  ,  2  22  ,  1  21  ,  2B  21  ,  1  20  ,  2  20  ,  1A  1  2  ,  2  1  2  ,  1  2  2  ,  2  2  2  ,  1  2  ,  ik  ik  ik  ik  ik  ik  ik  ik  ik The coefficient c mj is defined by Eq. (9) . Vector c j,00 in Eq. (49) can be expressed in matrix form, the identification analysis via similarity transformation is carried out using the S ijk (t) and D ijk (t) functions.
Kinetic parameters
We start first with the identification via similarity transformation involving S ijk (t). For f(t, (t, A k,00 , b ik,00 , c j,00 ), A k,00 in Eq. (49) is identical with A k defined by Eq. (26), b ik,00 and c j,00 are given by Eqs. (56) and (59), respectively, and T is defined by Eq. (33).
A, b, c) = S ijk
As S ijk (t) reflects the time dependence of the total fluorescence and contains information only on the excited states, the identifiability analysis will be the same as that derived for a reversible intermolecular two-state excited-state process without external quencher 9, 10 (Section 4A). As shown previously, two sets of rate constants are obtained: set I contains the original rate constants: 
Now we consider the identification involving f(t, A, b, c)
which we will use the results of the identifiability analysis involving S ijk (t). We assume that the similarity transformations for S ijk (t) and D ijk (t) are independent. 
Kinetic parameters of the cylindrically symmetric rotor
and by evaluating these expressions at two concentrations of coreactant X.
Parameters related to excitation and emission
For S ijk (t), use of normalized Since the deterministic identification analysis assumes by its very own nature that the decay data are error-free (the analysis is based on algebraic equations), the analysis gives the necessary and sufficient requirements to extract the model parameters. However, in real experiments, where the decays do have systematic errors and different parameter sets can sometimes produce fits of similar quality, it is advantageous to collect and analyze more fluorescence decay curves than is required according to the deterministic identification.
Finally, numerical identifiability via global compartmental analysis 19 has been used to estimate rate constants and parameters related to excitation and emission for a number of reversible intermolecular two-state excited-state processes using fluorescence decay surfaces measured at various excitation and emission wavelengths and coreactant concentrations. Global compartmental analysis has the advantage that the parameters of interest are determined directly from the complete decay data surface in a single step. 
